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Complexity: P vs NP

P and NP

• We discussed big-Oh notation in the last 
couple lectures
– Big-Oh notation can be used to compare the 

speed of algorithms, some are just not feasible for 
computing (e.g., O(2n))

– Similar notion can also be applied to space (the 
amount of memory needed for computation)

– We can generalize the notion of complexity 
(mostly in speed or time) in the phrase of “P vs. 
NP”

What does P and NP mean?

• If a problem can be solved in O(nk) where k is a 
fixed constant (note k could be zero!), we say this 
type of problems belong to the class of P (for 
Polynomial).

• If a problem can be solved in O(kn) where k is a 
fixed constant (k > 1) we say the time complexity 
is exponential and it is not practical to solve 
problems in this manner.

• However, is it possible that solutions of 
polynomial time exist for a problem that is known 
can be solved in exponential time?

NP: non-deterministic polynomial

• In particular, if we can verify a solution in 
polynomial time, does a polynomial time solution 
exists?

• The class of problems (examples follow) that can 
be verified in polynomial time is called NP
problems (non-deterministic polynomial 
problems).

• An exponential (O(2n)) solution to these problems 
often exist. We are searching for O(nk) solutions.

Examples of NP Problems

• Subset Sum Problem (Wikipedia): Given a set 
of integers, does some nonempty subset of them 
sum to 0?
– For instance, does a subset of the set {−2, −3, 15, 14, 

7, −10} add up to 0?

– The answer "yes, because the subset {−2, −3, −10, 
15} adds up to zero" can be quickly verified with three 
additions.

– There is no known algorithm to find such a subset in 
polynomial time. There is one, however, 
in exponential time, which consists of 2n-n-1 tries.

Examples of NP Problems

• Traveling Salesperson Problem

– Given a collection of cities, can we find a route 
such that the salesperson can start from an 
originating city, visit every other city exactly once, 
and come back to the starting place?

https://en.wikipedia.org/wiki/Integer
https://en.wikipedia.org/wiki/Subset
https://en.wikipedia.org/wiki/Exponential_time
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Which route should you take? Which route should you take? 

Which route should you take? 
Traveling Salesman Problem:

O( n! ) which is worse than O(2n) 

Slow Fast

How long does it take 

us to solve a 

problem?

?

Will some algorithms EVER be 

faster?

Slow Fast

How long does it take 

us to solve a 

problem?

?

Will some algorithms EVER be 

faster?Will some questions EVER be 

answered?
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Provably 

Slow

Provably 

Fast

Fast to solve

Fast to verify

Slow to solve

Slow to verify

Why Games are Slow

Branching Factor Estimates

for different two-player games

Tic-tac-toe            4

Connect Four       7

Checkers           10

Othello               30

Chess                40

Go                    300

1 Ply

2 Ply

0 Ply

Checkers was solved in 2007. Other partially 

solved games include “Go” and “Chess.”

Provably 

Slow

Provably 

Fast?

Fast to solve

Fast to verify

Slow to solve

Slow to verify

Provably 

Slow

Provably 

Fast

Fast to solve

Fast to verify

Slow to solve

Slow to verify

?

?

Fast to verify

How do you play the perfect game of Minesweeper? 

optimal arrangement 

of transistors on a 

silicon chip
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How can we schedule exams so that 

no one has 3 in one day? How can we optimize the schedule

for subways and buses?

What’s the best place to put your

manufacturing plant?
How can we 

make our

markets 

efficient?

What is the largest 

group of your 

friends that all 

know each other?

How do you fold

a protein? 

http://fold.it/portal/info/about
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Does being able to quickly

verify correct answers mean 

that there is also some way to 

quickly find the answers?

P = NP in one question:
Some Things to Know

1) When we talk how long it takes to 

answer question we’re talking about 

all potential versions of that question. 

Scaling Worst Case

2) P stands for Polynomial Time

3) NP is Nondeterministic Polynomial Time

Since checking answers is easy, if you could check 

every possible answer simultaneously, you could 

figure out the true answer pretty quickly

Is this the answer? no

Is this the answer?
no

Is this the answer? yes

NPP

NPP

How to tackle this problem (P == NP?)

• Scientists try to identify a set of problems that 
are at least as hard (NP Hard Problems). 

• When a new, unknown problem is 
encountered, if one can deduce the new 
problem into one of the NP-Hard Problems, 
then we know the nature of the new problem.
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So.. does P = NP?

P NP

Complete

So.. does P = NP?

P NP

Complet

e

So.. does P = NP?

P NP

Complet

e
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So.. does P = NP?

P
NP

Complete

If we just solve one NP-Complete 

Problem in polynomial time…

P

Scott Aaronson, MIT
The Philosophical Argument

If P = NP, then the world would be a profoundly 

different place than we usually assume it to be. 

There would be no special value in “creative 

leaps,” no fundamental gap between solving a 

problem and recognizing the solution once it’s 

found… if this is the sort of universe we 

inhabited, why wouldn’t we already have 

evolved to take advantage of it? 

Ending on some good(ish) news

Choose any positive integer for a, b, and c

Choose any integer > 2 for n

Find an instance in which this is true: 

One More Problem to Solve

There are NO integers
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Fermat’s Last Theorem

When will this program stop?


