Solutions to Complex Arithmetic Practice Problems

Rectangular to polar problem set:

To convert to polar form, must find magnitude and phase.

1. mag. = +/(18)2 + (15)2 =234 phase = tan™! (12) = 0.695 rad

— 18 + j15 = 23.4¢796% = 23.4/39.8°

2. mag. = +/(—3)2 + (—21)2 =21.2 phase = tan™! (=2') = 1.43 + 7 = 4.57 rad

(Note that some calculators don’t place the result of the inverse tangent function in the
correct quadrant when the real part is negative.)

— =3 — j21 = 21.2e957 = 21.2/-98°

3. mag. = +/(—3)2+ (21)2 =21.2 phase = tan™! (&) = —1.43+ 7 = 1.71 rad

— =3+ 521 = 212917 = 21.2/98°

4. mag. = Va2 + b? phase = tan™" (2)

a

— a4+ jb=VaZ+ e 0/ = /a2 152/ tan" (b/a)

5. mag. = Vcos?wt + sinwt = 1 phase = tan™" (22¢4) — tan~! (tanwt) = wt

— coswt + jsinwt = /' (Euler’s formulal)

6. mag. = Vsin®wt + cos2wt = 1

phase = tan™! (£29) — tan~! [M] — tan-! [w] — tan—! [M}

sinwt sin(wt) cos(wt—m/2) cos(m/2—wt)
= tan™! [tan(7/2 — wt)] = 7/2 — wt
— sinwt + joswt = /(279D =1/ (90° — wt2) (this is correct phasor form)

this is also equal to el (7/2-wt) = eim/2e=jwt — je—iwt



7. mag. = V9 cos?wt + 37sin Wt = /81 (1 — sin® wt) + 9sin’ wt = /31 — T2sin’w
(magnitude varies between 3 and 9, depending on the time ¢)

phase = tan™" (3222) — tan~! (1 tanwt) # twt

(phase angle does not vary linearly with time as in the case of e/*?)

Polar to rectangular problem set:

1. 877912 = 8 [cos(—0.12) + 7 sin(—0.12)] = 8 [cos(0.12) — j sin(0.12)] = 7.94 — 50.096
2. 14/132° = 14 [cos(132°) + jsin(132°)] = —9.37 + j10.4

3. —6£—85° = —6 [cos(—85°) + jsin(—85°)] = —6 [cos(85°) — 7 sin(85°)] — 0.523 + 55.98
4. Ae' = A (coswt + jsinwt) = Acoswt + jAsinwt

5. Be 1Wt+m/6) — B [cos(—wt — 7/6) + jsin(—wt — 7/6)]

= B [cos(wt + 7/6) — jsin(wt + 7/6)] = B cos (wt + 7/6) — jBsin (wt + 7/6)

6. 15e7Wt=/2) = 15¢70m/2eiwt = _j15e/% = —j15(coswt + 7 sin wt)

= —j15coswt — j215sinwt = 15sinwt — j15 coswt

7. 732 = cos (Z2X) + jsin () =0+ =

Express in proper polar form:

Proper polar form requires a complex number to be expressed in terms of a positive mag-

nitude and a phase angle (phase can be expressed either in exponential form or in angular

phase»

form; that is, either “mag e’ or “mag/phase”).

1. —10e™937/2 = 10(—1)e~737/2 = 10e/me937/2 = 10e/(737/2) = 10e~I"/2
or 10e™7me337/2 = 10e/(-m37/2) = 10e7I/2 = 10e* e IT/2 = 10e 77/

The usual practice is to give phase values in the range —7 to .

Note that /™ = cos(w) + jsin(7) = —1 + j0 = —1 and that



e ™ = cos(—m) + jsin(—n) = cos(w) — jsin(r) = —1 (7 rad = 180°).
Also note that €/?™ = e™72™ = 1.
2. Befjwtfat — Befjwtefat — Befoztefjwt

Note that —jwt — at does not represent a phase angle because it contains a real
part (—at).

The magnitude in this case (Be™®") is time-varying, which is okay.

Find real and imaginary parts:

1. Re{8e¢ 77012} = Re{7.94 — j0.096} = 7.94
The result 7.94 — j0.096 is from the earlier polar-to-rectangular problem set.
Im{8e 7912} = Im{7.94 — j0.096} = —0.096
2. Re{14/132°} = Re{—9.37 + j10.4} = —9.37
The result —9.37 + j10.4 is from the earlier polar-to-rectangular problem set.
Im{14/132°} = Im{—9.37 + j10.4} = 10.4

3. Re{2} = Re{2+ 0} =2
Im{2} =0

4. Re{j15} = Re{0 + j15} = 0
Im{j15} = 15

5. Re{sinwt} = Re{sinwt + j0} = sinwt
Im{sinwt} =0

6. Re{jcoswt} = Re{0+ jcoswt} =0
Im{j coswt} = coswt

7. Re{z? + 9 + j2zy} = 22 + o>
Im{z? + y* + j2zy} = 22y

Express in proper rectangular form:

1. j5(—3 + j20) = (j5)(—3) + (45)(j20) = —j15 — 100 = —100 — j15

Proper form is to put the real part on the left and the imaginary part on the
right.



2. —16(j2)* — j8(j3)* = —16(j%)(2%) — j8(5*)(3%) = —16(—1)(4) — j8(—-1)(9) = 64 + 572

3. (jB+a)’=(jB+a)(jB+a)=(iB)(iB) +2(jBa) + o
= —03*+ 5208+ a*® = a* — 3* + j2ap

The real part is o? — 3%, and the imaginary part is 2.

Find magnitudes and phases:

1. e 7/2 = 1e=9m/2

By inspection, the magnitude is 1 (|e™7™/2| = 1),

and the phase is —7/2 (or 37/2, since e™7™/2 = ¢737/2),

2. he ™

By inspection, the magnitude is 5 (|5e™7/™| = 5),
and the phase is —7 (or 7).

Also, note that 5e77™ = 5e/™ = 5(—1) = —5.

3. —9e7I™/3 = 9(—1)e /3 = 9eITeIT/3 = 9el(TT/3) = Qei?/3
or —9e /3 = 9eITeIm/3 = 9l (=T=7/3) = Qe=i4n/3
— |=9¢77™/3| = 9 and
phase {—9e7/3} = 27/3 or — 4m/3

Note that the angle 27/3 (120°) is equivalent to the angle —4m/3 (—240°).
4. 124 33| = /(2)2+ (3)2 =3.61
phase{2 + j3} = tan1(3/2) = 0.983 (56.3°)
Thus, 2 + j3 = 3.61e7%93 = 3.61£56.3°
5. | = 8] = VO + (-8 = §
phase{—;8} = tan™'(—8/0) = tan~!(—o0) = —m/2 (—90°)
6. 15| = || e
(The magnitude of a product is equal to the product of the magnitudes.)

Since |j| = 1 and [e/%37| = 1, then
jFenSin| = |F| = F



To find the phase, put the expression into proper polar form (using j = ¢/™?):

Fei083T — Foin/2p0083% _ poi(n/240.837) _ poilssm
— phase{jFe/%®7} = 1.337 (239.4°) by inspection

The phase can also be expressed as 1.337 — 2m = —0.677 (—120.6°).
7. The solution is very similar to that of Problem 6.
[jFe] = [jl|F]e’] = (1)(F)(1) = F
To find the phase, put the expression into proper polar form:

jFel9 = Fei™/2ei9 = [ei(m/2+9)
— phase{jFe’9} = 7/2 + g by inspection

8. |—15]=15
Put the expression into proper polar form:

—15 = 15(—1) = 15e*I™
— phase{—15} = 7w or —7 (£180°)

9. j=¢e"?% 50 |j| =1

The phase is 7/2 by inspection.

Find complex conjugates:

To find the complex conjugate of a complex number or expression, simply replace every
occurrence of j with —j. The conjugate of a sum is equal to the sum of the conjugates, and
the conjugate of a product is equal to the product of the conjugates.

L j*=—j

[\)

(2447 FeI9) =2 — j7— Fe™¥9

w

(3% 1076 =3x10"°

Real numbers are unaffected by complex conjugation.

W

[Re {5+ j15)" = (5)* = 5

ot

[Im {5+ j15}]" = (15)* = 15

6. [_j832€—0.3z6(7—j18)t]* — j832€—0.3z€(7+j18)t

\]

. [8e77%12(0.3 + j6.1)]" = 8¢7912(0.3 — 56.1)



