Probability and Stochastic Processes

A FriendlyIntroductionfor ElectricalandComputerEngineers

Chapter 2 Viewgraphs



Random Variables

e Experiment:Procedurer Obsenations
e Obsenationis anoutcome

e Assignanumberno eachoutcome:Randonvariable



Random Variables

Threewaysto getarv:

e Thervistheobsenation
e Therv is afunctionof theobsenation

e Thervisafunctionof arv



Discrete Random Variables

e Sx = rangeof X (setof possiblevalues)
e X isdiscretas Sy Is countable

e Discreterv X hasPMF



PMF Properties
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e ForaneventB C Sy,

P[B]=P[X € B]= ) Px(z)



Bernoulli RV

Getthephonenumberof arandomstudent.Let X = 0 if thelastdigit is
even. Otherwiselet X = 1.

’

l—p =0
Px(x)=14 p r=1

0 otherwise




Binomial RV

e Testn circuits,eachcircuit is rejectedwith probability p independenof
othertests.

e K =no.of rejects
e K Isthenumberof successem n trials:

(MpF(1 —p)»* k=0,1,...,n

Pr (k) = .
0 otherwise



Geometric RV

Circuit rejectedwith probp. Y is thenumberof testsup to andincludingthe

first reject.

Fromthetree,P[Y = 1] = p, P[Y = 2] = p(1 — p),

Py (y) = .
0 otherwise



Geometric: p = 0.2

(0.2)(0.8)y1 ¢y =1,2,..

0 otherwise
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Pascal RV

e No. of tests,L, neededo find k rejects.

P|L =1 = P|AB]

e A={k—1rejectsin] — 1 testg
e B = {succes®nattempt/}

e EventsA andB areindependent
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Pascal continued
e P|B] =pandP|A]isbinomial:

P|A] = P|k — 1succ.in — 1 trialg

=1\ %4 I—1—(k—1)
. 1
Aw — HVE (1-p)

P, (I) = P|A|P|B]

(TP =p)* =k k+1,.
0 otherwise
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(51(0.2)4(0.8)* 1=4,5,...

0 otherwise
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Summary

e Bernoulli No. of succ.ononetrial
e Binomial No. of succonn trials
e Geometric No. of trials until first succ.

e Pascal No. of trials until succk
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Poisson rv

e Countsarrivals of something.
e Arrival rate ), interval timeT'.
e With o = \T,

ate ¥ /x! x=0,1,2,.

Px (r) = .
0 otherwise
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Poisson: o« = 0.5

(0.5)7e7%5/4! §=0,1,..

0 otherwise
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Poisson: o« = 5

5e /5! j=0,1,..

Pr(j) = .
0 otherwise
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Cumulative Distribution Functions

e Thecumulative distribution function (CDF) of randomvariableX is

Fx (x) = P|X < 7]
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CDF Example

1 1
oe 0.5 L 05
0 — 0
-1 0 1 2 3 -1 0 1 2 3

At thediscontinuities- = 0 andr = 2, Fz (7) is theuppervalues.(right
handlimit)
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CDF Properties
For ary discreterv X, rangeSx = {x1,xo, ...} satisfyingz; < x5 < ..,
o F'y A|OOV — O0andF'y AOOV =1
e Forallz’ >z, Fx (2') > Fx (z)

e Forz; € Sx andsmalle > 0,
Nuwm A&sv |Nuwm AH&|mv ”vam A&sv

o F'y AHV = F'y A.&.sv for x; <z < Tig1
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Expected Value

e Theexpectedvalueof X Is

BIX]=ux = 3 aPx (@)

TESx

e Also calledtheaverageof X.
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Averagevs. E|X]|

e Averageof n samplesm,, = = > | z(i)

e Eachx(i) € Sx. If eachr € Sx occursN, times,

Szﬂw MU N,x = MU %&l MU rPx (x)

rESx rES x rESx
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Derived Random Variables

e Eachsamplevaluey of aderived rvY isafunctiong(z) of asample
valuex of arv X.

e Notation:Y = g(X)
e EXperimentaProcedure

1. Performexperiment,obsene outcomes.
2. Find x, thevalueof X
3. Calculatey = g(x)
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PMF of Y = g(X)
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Problem 2.6.5

Sourcetransmitsdatapacletsto recever.

If recd pacletis errorfree,recvr senddrackACK, otherwiseNAK sent.
For eachNAK, thepacletis resent.

Eachpaclettransmissions independentlyorrupteadwith probg.
Findthe PMF of X, no. of timesa pacletis sent

Eachpaclettakes1 msecto transmit.Sourcewaits 1 msecto receve
ACK. T equalthetime regd until the pacletis receved OK. Whatis
Pr (t)?
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Expected valueof Y = ¢g(X)

e Thm: Givenrv X with PMF Px (), theexpectedvalueof Y = ¢g(X), is

BY]=py = 3 ge)Px (2)

rESx
e ExamplelY = aX + b:

EY]= ) (ax+b)Px (z) =aE[X]+b

reSx
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Variance and Std Deviation
VarianceY = (X — ux)?

ElY]= > (X —pux)*Px (z) = Var [X]
TESx

Variancemeasurespreadf PMF
Standardeviation: o x = /Var [ X]

Units of o x arethesameas.X.
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Properties of the variance

o If Y =X 45, Var |Y] = Var [ X].

o If Y =aX, Var[Y] = a® Var [X].
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Conditional PMF of X given B

e GivenB, with P[B] > 0,

Px|p (z) = P|X = z|B]

e Two kindsof conditioning.
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Conditional PMFs-version 1

e Probabilitymodeltells us Px g, () for possibleB;.

e Example:ln theith monthof theyear thenumberof carsN crossinghe
GW bridgeis Poissorwith parame;.
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Conditional PMFs- version 2

e B isaneventdefinedin termsof X.

e Bisasubsebf Sy suchthatfor eachr € Sx, eitherz € Borx ¢ B.

Px (x)
P X =z B xreB

P|B] 0 otherwise
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Conditional PM F Example

Example: X is geometriowith p = 0.1. Whatis the conditionalPMF of X
givenevent B that X > 9?
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Conditional Expectations
ReplacePy (x) with Px g (z|b)
E|X|B| =3, xPxp ()

Elg(X)|B] =>_, ,QA&VwN_m (z)

Var [X|B] = E[(X — E[X|B])?]
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