Probability and StochasticProcesses

A FriendlyIntroductionfor ElectricalandComputerEngineers

Chapter 3 Viewgraphs



Multiple (2) random variables

e An experimentproducedoth X andY
e Example:

— X = minutesyou wait a Rutgersbus

— Y = no. of otherRutgersbusespassoy

e Jointrange:

Sx,y ={(z,y)|Pxy (z,y) >0} C Sx x Sy



Probability Model for 2RV’s

e Thejoint probability massfunctionof X andY is

wvmb\ A&“@v ”wﬁkn&“ﬂnﬂﬂ

e JointPMFis arule thatfor any x andy, givesthe probabilitythat X = «
andY =y.



Example

Flip acointhreetimes.

X =no.of H

Y =no.of T afterthefirst H
Write all 8 outcomes{HHH, ..., TTT}.

For eachoutcomerecord X andY



Mar ginal PMF

ExperimentproducesX andY.
All you careaboutis X.

PMFof X Is
Px () = MU Pxy (z,y)

YESy

Calculateby summingacrosgows, write PMF in mamgin



Functions of 2 RVs

e Derivedrv W = g(X,Y)

e PMFof IW:

Py Agv = M w,vmb\ AHXQV
(z,y):9(z,y)=w



Derived PMF Example
ExamplelV = XY



Expectationsof Functions again
e Thm: Theexpectedvalueof W = ¢g(X,Y) is

EW]l= Y Y g(z,y)Pxy (z,9)

reESx yeSy

o If g(X,Y)=g1(X,Y) 4+ ¢2(X,Y) + - + gu(X,Y), then

mgA‘Xm M\z — MGHANU%z + o |_|mﬁQ3A>NU %z



Expectationsof Sums
e E[X +Y]=E[X]+ E[Y]
o />\:”3 W = ALX‘ + Y — .Cvmn_.u\vw_

E[W] = Var [X + Y]
— Var [X] + Var [Y] + 2E[(X — pux)(Y — uy)]



Covariance
Covariance:W = (X — ux)(Y — py),
Cov [X,Y] =E[W]=E[(X — ux) (Y — uy)]
Covariances also
Cov [ X, Y] = E|XY]| — pxpy

Cov [ X, Y] > 0says,X > E|[X]|impliesY > E|Y]islikely (X goes
up,Y goesup)

Var | X + Y] = Var [ X] 4 Var [Y] 4+ 2 Cov [ X, Y]
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Correlation

Thecorrelationof X andY is E| X Y]

Correlation= Covarianceif EF[X] = E[Y] =0

E|XY] > 0suggestshat X > 0 increaseghanceY” > 0
Orthogonal: E[XY]| =0

Uncorrelated Cov [ X,Y]| =0
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Corr elation Coefficient

e Thecorrelationcoeficientof two randomvariablesX andY is

o Cov | X,Y]
BT /Var [X] Var [Y]

e Thm:theCorrelationcoeficientis normalized:
—1<pxy <1
e Thm:If Y =aX + b, then

—1 a<0
pxy =4 O a=20

1 a >0
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Conditioning Events(Again!)
e Theconditionaljoint PMF of X andY givenB is
Pxy|p(z,y) = P|X =x,Y = y|B]
e |If Bisaneventonthe XY plane,

P(X =z,Y =y)NB]

P X=2xz,Y=vy| (z,y) €B

0 otherwise
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Conditional Expectations

e Theconditionalexpectedvalueof g(X,Y') givenB is

Elg(X,Y)|B]= ) Y g(z,9)Pxys(z,y)
reSx yeSy
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Conditional PMF of X givenY

e Forary eventY = y suchthat Py (y) > 0, theconditionalPMF of X
givenY =y is
Pxjy (zly) = PIX = z|Y =y

o If Px Amﬁv > 0 and Py A@v > 0,

Pxy (x,y) = Nx:\ (x|ly) Py (y) = mw\_,x (y|z) Px (x)
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Conditional ExpectedValues

e Forary y € Sy, theconditionalexpectedvalueof g(X) givenY = yis

Elg(X)lY =y] = MUQ r)Px|y (z]y)

rEeSx

e Specialcases

- EX|Y =y

— Cond.Variance:

Var [X[Y =] = B|(X = EIX|Y = y])* |V =y
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Conditional Expectation

e Theconditionalexpectatiorfunction £[X|Y'] is afunctionof random
variableY suchthatif Y = y thenE | X Y| = F[X|Y = y]

e Letg(y) = E|X|Y =y|. WhenY =y, F|X|Y] takesonthevalue
g(y). Thatis, E| X Y] = g(Y)
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Independentrandom variables

e X andY areindependenif andonlyif {X =z} and{Y =y} are
Independengventsfor all z andy

e Equwalently X andY areindependenif

Pxy (z,y) = Px (z) Py ()
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Propertiesof IndependentRVs

e ForindependentandomvariablesX andY’,

— rxy = E[XY] = E[X]E[Y]

— FIX|Y =y|] = E[X]forally € Sy
— FlY|X =z]=FE|Y]forallx € Sx
— Var [ X + Y] = Var | X]| + Var |Y]
— Cov[X, Y] =pxy =0
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Multiple DiscreteRVs

e Thejoint PMF of thediscreterandomvariablesX;, ..., X,, is

wvmf:;vm: A&.HU K v.&.iv — wﬁkw — L1, -- .gvmxi — D&L

20



