Probability and Stochastic Processes

A FriendlyIntroductionfor ElectricalandComputerEngineers

Chapter 4 Viewgraphs



Continuous Random Variables

e Example:Spinwheelwith circumference: = 1. Measuredistance
aroundcircumference
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Discretized Whed

With n slices,

I/n y=1,2,...,n

Py (y) =
0 otherwise

If X =x,thenY = [nx]or{X =z} C {Y = [nx]|}, sothat

1
P X =z] < PlY = |nx]] = —.
n
AS n Increases,
1
P X =z] < lim PlY = [nz|]= lim — =0.
n— 00 n—oo M,

Thusfor ary z,

X is not adiscreterv!



CDF for continuous RVs

e CDF Definition:
Fx (x) = P|X < 7]

e Definition: X is acontinuous random variableif the CDF F'x (x) isa
continuoudunction.



CDF of the Whed Pointer

e FortheWheelpointer:




Probability Density Function (PDF)

e To seerelative likelihoodsof possiblevalues:

Fx A&Hl_ubvlgﬂwm AHHV
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o AsA — 0,

Fx A&H+Dv|~uum ARHV

%Wbo A = fx (1)

e Definition: PDF fx (x) = dFx (z) /dx and
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PDF Properties

fx (x) > 0forall x
= [7_fx(u
,\; \Wm &H =1
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Expected Values

o If Yisdiscrete E[Y] =" .o viPy (yi)
e Discretizecontinuougv X: Y = A| X |

o VY =kEAMEALS X <EA+ A

E[Y] = WU EAP[Y = EA]
k=—o0

= )  kAPA <X <kA+ A]

k=—o00



Expected Values 2

e AsA —0,Y — X and

PkA < X <kA+ A] — fx (kA) A

e sothatfor small A,

oo

EX]|~ MU \AD,\WQADVDl\M& rfx (z) dr

k=—o0



Expected Value of a Function

e Theexpectedvalueof g(X) is
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Properties of Expected Values

mﬁvﬂ — \QN_ =0

ElaX 4+ bl =aF[X]+b

Var [X] = B[X?] — (B[X])?

If X = a always,thenVar [ X] =0

Thevarianceof Y = aX + bis Var [Y] = a? Var [X]
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Uniform Random Variable

1/(b—a) a<zxz<b

0 otherwise

fx (z) =

wherethetwo parameterareb > a.
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Exponential Random Variable

ae” " x>0
fx (z) =

0 otherwise

wherethe parameter > 0.
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Erlang Random Variable
yﬁHSlelya

fx (x) = —
0 otherwise

x>0

wheretheparametei > 0, andtheparametern > 1 is aninteger
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Gaussian RVs

e X Is aGaussiamandomvariableif

H 2 2
fx (z) = e~ (T—p)" /20

V2mo?

wherepu isrealando > 0.
e Notation: X is N|u, 0?]

e PropertiesE[X| = u, Var [X] = o°
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2 Gaussian PDFs
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Standard Normal Random Variable

e / isastandard normal randomvariableif Z is N0, 1]

e TheCDFof Z is

B(z) = \MO fr () du = ,\leﬁ\é 2 gy

e Tablesfor ®(z) andQ(z) =1 — ®(z)
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Linear Transformation

e XisN[u,0%], = Y =aX +bisNlau + b,0/al

X — pux
OX

e ThusZ = Is V|0, 1] and

X — _
Ox ox

or
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PDFsfor Discrete Random Variables

e X discrete:Px (z;)

e In termsof unit stepu(x), CDFis

e PDFof X is

fx (x) = &ﬁk MU Px (x;) 0(x — ;)
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Mixed Random Variables

e CDF Fx (x) is piecavisectsbut hasjumpsatzy, z, .
e Jumpatzx; is P|X = z;]

e PDFhasimpulsesatx; weightedby P| X = z;]
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Problem 4.6.6

Plline busy = 0.2

phonecall:
P[noanswef = 0.3

X = durationof acompletedohonecall, exponentialwith £[X]| = 3
W = durationof ary call (W = 0 if line busyor no answer)

Find Fyy (w) and fy (w)?
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Derived Probability Models

e PDFofY = g(X)?
e Two stepprocedure:

1. FindtheCDF Fy (y) = Plg(X) < y]
2. Takethederwvativeto getthe PDF

e Thiscanbetricky!
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Problem 4.7.5

U isauniformover [0, 1] andX = —1In(1 — U).

o Find fx (z)
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Conditional PDF given an Event

e GivenX with PDF fx (x) andevent B C Sx with P|B] > 0,

e Conditional PDF of X given B Is

re B

fxip(z) =< PlB]
0 otherwise

o ConditionalExpectations(Use fx |5 (x))

E[X|B] Elg(X)|B] Var[X|B]
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