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ABSTRACT

We present experiments on chaotic motion of self-propelled (active) particles in a time-independent, two-dimensional vortex chain flow. We
track Tetraselmis microbes and calculate the variance of a spreading distribution of these microbes in the flow. For small non-dimensional
swimming speed v0, we find subdiffusion with variance 〈x2〉 ∼ t γ with γ < 1; transport is diffusive (γ = 1) for larger v0. Subdiffusion for
small v0 is due to dynamic trapping of microbes to islands of ordered trajectories surrounded by a sea of chaotic motion; these islands disap-
pear for larger v0. We calculate Lagrangian-averaged trajectories (LATs) from the experimental data and use the LATs to measure trapping
time probability distributions P(t). We find regimes with P(t) ∼ t−ν with ν < 2 for small v0, consistent with the measured subdiffusion.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0270869

Fluid flows affect the motion of active, self-propelled particles in
a wide range of systems from bacteria swimming within blood
flows to fish and boats moving in the oceans. Idealized numer-
ical models demonstrate that the motion of active particles in
a flow can be chaotic, even for smooth, laminar fluid flows. In
real systems, however, swimming noise and flow complexities
often obscure signatures of deterministic chaos. We study the
motion of swimming microbes (Tetraselmis) in a vortex chain
flow. We find a regime of sub-diffusion (〈x2(t)〉 ∼ t γ with γ < 1)
for microbes swimming with a small non-dimensional swim-
ming speed v0; we find normal (enhanced) diffusion (γ = 1) for
larger v0. The subdiffusive behavior is due to a hopping-and-
trapping mechanism;1 microbes undergoing chaotic trajectories
in the flow are trapped dynamically to islands of ordered behav-
ior that are predicted by simulations for small v0. These islands
disappear at larger v0, consistent with measurements of normal
diffusion for those swimming speeds. We calculate Lagrangian-

averaged trajectories (LATs) from the experimental data and use
these LATs to verify the dynamic trapping of the slow-swimming
microbes and to measure trapping time probability distributions.
These results demonstrate that deterministic chaos can have sig-
nificant, measurable effects on the transport of active particles,
even in the realistic case where there is noise in the swimming of
those particles.

I. INTRODUCTION

The behavior of self-propelled (active) particles is often heavily
influenced by the presence of fluid flows, a problem with significant
applications for a wide range of systems including: the spread of dis-
eases in a moving (flowing) population;2,3 the ability of microbes to
cause infections in human lungs,4 guts,5 and circulatory systems;6 the
dynamics of evolving ecosystems (including predator–prey systems
and plankton blooms) in flowing bodies of water;7–9 and the devel-
opment of strategies for minimizing energy use for self-propelled
devices in oceanic and atmospheric flows.10 Fluid flows also affect
the behavior of propagating reaction fronts,11,12 which can be con-
sidered as active impurities. Previous studies of active impurities
in flows have focused on the role of rheotaxis;13–15 the effects of
swimming organisms on Lagrangian coherent structures16–19 that
inhibit the mixing of passive impurities;20–22 microbe density vari-
ations and depletion zones in channel flows;23,24 and theoretical
studies of trapping, clustering, alignment, and topology in vortex
flow.25–28 Recent experiments by our group have also demonstrated
the existence of swimming invariant manifolds (SwIMs) and burn-
ing invariant manifolds that act as one-way barriers that block
the motion of active particles in a flow.11,29–31 Those studies also
demonstrated31 how these manifolds combine to form “chute” struc-
tures that transport microbes locally between different unit cells of
the flow.
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Long-range transport of active particles in the presence of fluid
flows is a relatively unexplored problem. In the absence of fluid
flows, long-range transport of active particles has been shown to
be modeled well as enhanced diffusion (variance 〈r2〉 ∼ t γ with
γ = 1) for free-swimming microbes32 or subdiffusion (γ < 1) for
swimming bacteria undergoing hopping-and-trapping in a confined
porous medium.1 Long-range transport is also strongly influenced
by the possibility of chaotic advection of the impurities. It is well-
known that passive (non-active) particles moving in laminar flows
can undergo chaotic trajectories, even for very simple, well-ordered
flows.33–36 Numerical and theoretical studies have shown that chaotic
motion is possible also for active particles in a flow,37 even for
two-dimensional, time-independent flows (for which passive mix-
ing cannot be chaotic). There have been studies of the behavior of
swimming microbes in time-dependent vortex flows where passive
mixing is chaotic,25,38,39 but there has been no previous experimental
evidence of deterministic chaos for swimming particles themselves
in laminar flows. Chaotic advection can also have significant effects
on long-range transport behavior of impurities in a flow. In partic-
ular, dynamic trapping40 of chaotic trajectories to islands of ordered
behavior can result in anomalous diffusion where the growth of the
variance of a distribution of particles is nonlinear in time.41–43

In this article, we present experimental evidence (supported by
numerical simulations) of the effects of chaotic motion and dynamic
trapping on the long-range transport of swimming microbes in a
laminar, time-independent, two-dimensional vortex chain flow. We
track the motion of individual swimming Tetraselmis microbes in
the flow and determine the one-dimensional variance 〈x2(t)〉 from
these trajectories. We find that for small non-dimensional swim-
ming speeds v0, the long-range transport is sub-diffusive with γ < 1;
the transport is diffusive (γ = 1) for larger swimming speeds. We
show that the subdiffusion for small v0 is due to dynamic trapping
of microbes to ordered islands within a larger chaotic sea.

In Sec. II, we discuss the conditions for chaotic mixing,
dynamic trapping, and the equations of motion for active particles
moving in a fluid flow. In Sec. III, we describe the experimental tech-
niques, including the mechanisms for generation of the vortex flow,
details about the microbes and their handling, and data collection
and analysis. In Sec. IV, we present results of numerical simulations
that demonstrate the coexistence of chaotic and ordered motion
of microbes in a vortex chain flow. We present the experimental
results in Sec. V and discuss analysis of the experimental data with a
Lagrangian-averaged framework in Sec. VI. We discuss our findings
in Sec. VII.

II. BACKGROUND

A. Chaotic advection, transport barriers, and dynamic

trapping

Chaotic particle motion44,45 in laminar flows is possible if
there are at least three phase space dimensions that describe the
motion. For passive (non-swimming) particles, chaotic motion is
possible in two-dimensional (2D), laminar flows, but only if the
flow is time-dependent, with time t providing the third essen-
tial phase space dimension. As an example, chaotic advection
has been well-established for a 2D, oscillating vortex chain flow

FIG. 1. Examples of chaotic mixing of passive impurities in laminar flows. In each
image, distances are scaled by the vortex width. (a) Sketch of oscillating vortex
chain flow. (b) Example of chaotic trajectory in the oscillating vortex chain flow.
(c) Poincaré section showing locations of a single trajectory once every period of
oscillation. (d) Sketch of paper-chain flow. (e) Example of chaotic trajectory in a
time-independent, paper-chain flow. (f) Poincaré section showing the location of
a single trajectory each time it crosses the midplane of the flow in the positive
direction.

[Figs. 1(a)–1(c)].34,46 If the flow is three-dimensional (3D), chaotic
trajectories are possible even if the flow is time-independent.47 An
example is the 3D “paper-chain” flow [Figs. 1(d)–1(f)],48 composed
of the superposition of horizontal and vertical vortex chain flows,
shifted by one-half of a vortex relative to each other.

Chaotic advection of tracers in a flow is characterized by com-
plicated trajectories that are sensitive to initial conditions; two trac-
ers that are located close to each other follow paths that diverge
roughly exponentially in time from each other: 1r(t) ∼ 1r0e

λt

where 1r0 is the initial separation (assumed small) between the
tracers and λ is the largest Lyapunov exponent.

It is common for a flow to have both ordered and chaotic tra-
jectories, depending on the location of the tracer in the flow. The
coexistence of ordered and chaotic trajectories can be shown by
plotting Poincaré sections, shown numerically in Figs. 1(c) and 1(f)
for the oscillating vortex chain and paper-chain flows, respectively.
For a 2D, time-periodic flow such as the oscillating vortex chain
flow, a Poincaré section is determined by plotting the (x, y) location
of a trajectory once every period of oscillation. For the 3D, time-
independent, paper-chain flow, the Poincaré section is the plot of the
(x, y) coordinate every time the trajectory crosses the z = 0 plane in
the positive direction. In both Figs. 1(c) and 1(f), regions in the flow
with ordered trajectories show up as white “islands” with no points
in the Poincaré section.

Ordered islands exist because boundaries between ordered
islands and the chaotic regions act as barriers called Kol-
mogorov–Arnold–Moser (KAM) invariant tori35,45 across which
tracers cannot pass. These barriers can lead to the trapping
of particles inside the ordered regions. Also, dynamic trap-
ping40 is possible for tracers moving in a chaotic region; even
though chaotic trajectories ideally never penetrate into ordered
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regions, they can mimic ordered behaviors by sticking to the
perimeters of the ordered regions with sticking time probabilities
P(t) ∼ t−ν . Dynamic trapping can be seen in Figs. 1(b) and 1(e) as
heavier bands where the trajectory appears to almost repeat, e.g., the
heavy band in the second-to-right vortex in Fig. 1(b) and the heavy
band at the mid-height in Fig. 1(e).

Dynamic trapping of tracers in the chaotic regions of a flow can
have a significant impact on long-range transport. In one-dimension
(e.g., in the direction along a chain of vortices), transport is typi-
cally characterized by the variance 〈x2〉 ∼ t γ . Localized sticking with
power-law probability distribution functions (PDFs) is known to
result in subdiffusion43 with γ = ν − 1 if the sticking exponent ν
is in the range 1 < ν < 2. If ν > 2, long-range transport is diffu-
sive with γ = 1. Note that superdiffusive transport is possible with
γ > 1 if there is dynamic trapping to islands that contain ordered
trajectories that are unbounded. This mechanism has been used to
explain Lévy flights and superdiffusive transport measured in lab-
oratory experiments of passive transport in geophysical-motivated
flows of co-rotating vortices sandwiched between jet regions.42,49

B. Active particles in fluid flows

For a self-propelled tracer, we consider a simplified spheroidal

particle [Fig. 2(a)] with aspect ratio γ = l||/l⊥ and α = γ 2−1

γ 2+1
swim-

ming with a constant speed V0. The parameter α accounts for the
shape of the organism and its swimming direction. The special
cases of α = 1 and −1 correspond to long, rod-shaped organisms,
with α = 0 corresponding to a spherical swimmer [Fig. 2(b)]. The
swimming direction is parallel to (perpendicular to) the long axis
for α > 0 (α < 0). It is notable that a small segment of a reac-
tion front propagating in a fluid flow [Fig. 2(c)] can be modeled as
an active particle11,12 with α = −1; in fact, the problem of reaction
fronts moving in a fluid flow is a special case of the more general
self-propelled particle problem.

The motion of an active particle in a flow is governed by the
following set of differential equations:14,25,29,38

ẋ = ux + V0 cos θ , ẏ = uy + V0 sin θ ,
(1)

θ̇ = (1 +α)(ω/2)−α

(

2
∂ux

∂x
cos θ sin θ −

∂ux

∂y
cos2 θ +

∂uy

∂x
sin2 θ

)

.

In these equations, ux and uy are the x- and y-components of the

imposed velocity field and ω =
∂uy

∂x
− ∂ux

∂y
is the vorticity.

FIG. 2. (a) Model of an ellipsoidal swimmer in a flow. (b) Special cases for α = 1,
0, or −1. (c) Model of an element of a reaction front in a flow.

For a self-propelled particle swimming with a constant speed
V0, chaotic trajectories are theoretically possible even for time-
independent, 2D flows. The direction of swimming [Fig. 2(a)] must
be specified in any phase space description of its motion, providing
the third phase space dimension needed for chaotic motion.

III. EXPERIMENTAL TECHNIQUES

A. Flow

The flow is a laminar, 2D, time-independent chain of alter-
nating vortices (Fig. 3). We generate the flow experimentally using
magnetohydrodynamic46,50 forcing (Fig. 4): a 1–2 mA electrical cur-
rent [red arrows in Fig. 4(b)] passing through a channel with cross
section 1.0 × 1.0 mm2 interacts with a spatially alternating magnetic
field from a pattern of 1.0 mm-wide Nd–Fe–B magnets below the
flow channel, producing alternating forces [blue arrows in Fig. 4(b)]
across the channel. The result is a chain of vortices with no-slip
boundary conditions and maximum speed U ranging from 300 to
800µm/s. One unit cell of the resulting velocity field (measured
using particle tracking velocimetry) is shown in Fig. 4(d).

Throughout this article, we use non-dimensional units where
distances are scaled by the vortex width L = 1.0 mm such that y
varies from 0 to 1.0 across the channel and x increments by 1.0
across each vortex. Time is scaled by the advection time L/U. The
non-dimensional swimming speed is given by v0 = V0/U, where V0

is the speed at which the microbe swims in the absence of a flow.

B. Microbes

The microbes (Fig. 5) used in the experiments are Tetraselmis,
purchased from Carolina Biological Supply (Catalog No. 152610).
Tetraselmis are marine, eukaryotic algae that are almost circular
with a typical diameter of 10–15µm. They are propelled by four
pulling flagella. We mix 1 ml of the purchased sample with 150 ml of
“Alga-Gro Seawater” in a flask with constant stirring. The mixture
is cultured for 2 weeks under a dedicated fluorescent lamp. The stir-
rers are then turned off so that sessile microbes settle to the bottom,
and most of the remaining culture is transferred to 15 ml centrifuge
tubes.

The Tetraselmis microbes are dyed with fluorescein diacetate
(FDA),51,52 which causes only living organisms in the fluid to flu-
oresce, significantly enhancing the contrast during imaging and
tracking. To tag the microbes using FDA, we start by dissolving
approximately 0.015 g of FDA into 2 ml of acetone by shaking.
Using a 10µ; pipet, we add one drop of the FDA/acetone solu-
tion into 10 ml of the cultured Tetraselmis and wait 15–20 min.
During this time, the FDA molecules diffuse through the lipid bilay-
ers into the microbes, and enzymes within the microbes cleave
the FDA molecules to create fluorescein. After this time, the
Tetraselmis—and only living Tetraselmis—fluoresce. We then have

FIG. 3. Sketch of alternating vortex chain flow.
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FIG. 4. (a) Exploded view of experimental apparatus, showing magnetohydro-
dynamic forcing technique. The channel has a width and height of 1.0 mm, and
the magnets are 1.0 mm wide, resulting in vortices that measure 1.0 × 1.0 mm2

with a depth 1.0 mm. (b) MHD forcing, as viewed from above. (c) Sketch of result-
ing vortex chain. (d) Experimentally measured velocity field (arrows) for a pair
of vortices in the chain, along with vorticity denoted by blue (clockwise) and red
(counterclockwise) colors.

approximately 30 min to run the experiments with this fluorescently
tagged Tetraselmis using epifluorescence microscopy, after which
much of the fluorescein has diffused back out from the microbes
into the surrounding fluid, reducing the contrast.

The use of FDA does not seem to have a significant effect
on the swimming of the microbes. We have also conducted tests
that indicate that imposed magnetic fields (without electrical cur-
rent) and imposed currents (without magnetic fields) have negligible
effect on the swimming properties of the Tetraselmis. The density
of the microbes is relatively low, no more than about 20 microbes
per mm2, with a typical separation between microbes of around
200µm, or about 15–20 microbial body lengths; consequently, colli-
sions between the swimming Tetraselmis microbes are not expected
to affect the results significantly.

In the experiments, the microbes are imaged with epifluores-
cence on a Nikon Eclipse microscope with a 2× or 4× objective.
With these magnifications, the field of view is slightly more than

FIG. 5. (a) Image of Tetraselmis microbes used in these experiments, imaged
with a microscope with 40× magnification. The inset is a zoom-in of one of the
microbes. (b) Distribution of average swimming speeds for the Tetraselmis in the
absence of a fluid flow. (c) Distribution showing the variation of swimming speeds
for individual microbes, plotted as the ratio of the standard deviation and aver-
age (mean) swimming speeds for a microbe. The red curve is a fit with functional
form p = ae−bσ/V0 with a = 0.17 and b = 7.3. (d) Streak image showing 10 s of
movement of microbes in the apparatus in the absence of a flow.

6 vortices or 3 vortices for the 2× and 4× objectives, respectively.
(Measurements of variance for long-range transport are done with
data collected with the 2× objective since the field of view is wider.)
A streak image is shown in Fig. 5(d) showing 10 s of movement of
the microbes in the apparatus with no vortex flow. There is a range
of swimming behavior, including straight-line (smooth) motion,
swimming with tumbling, and oscillatory behavior which is likely
a two-dimensional projection of helical swimming.53 In the absence
of a fluid flow, the microbes swim with an average speed that varies
roughly from 150 to 250µm/s [Fig. 5(b)]; individual microbes swim
with typical speed variations [Fig. 5(c)] that are 0.14 of the average
speed.31

C. Tracking and analysis

We acquire images of the algae in the flow with an Andor Zyla
sCMOS camera connected to the microscope. A background image
is determined by averaging images for half a minute. We subtract
this background image in real time from each subsequent image. We
threshold the subtracted images and store to disk the coordinates
and intensities in each image for pixels above the threshold. With
this approach, we are able to store information at a rate of 30–50
frames per second for arbitrarily long durations. We then track
microbes from the stored data in IDL with a package54 that deter-
mines centroid coordinates for clusters of pixels (with each cluster
identified as a microbe) and then links coordinates in successive
frames to determine trajectories.

Chaos 35, 063116 (2025); doi: 10.1063/5.0270869 35, 063116-4
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We fit the x(t) and y(t) coordinates of each trajectory to
sliding parabolas and take derivatives to determine the x- and
y-components of the total velocity EVtraj of each microbe as it moves

through the flow. To determine the swimming velocity EVs of a spe-
cific microbe in an imposed flow, we subtract the experimentally
measured flow velocity Euflow from the velocity of the overall trajec-

tory: EVs = EVtraj − Euflow. From the swimming velocity, we determine
the instantaneous swimming speed Vs and swimming direction
θ = arctan (Vsy/Vsx). To compare with the theoretical predictions,
we approximate V0 by the average of the swimming speed over its
trajectory: V0 = 〈Vs〉. The dimensionless swimming speed is then
given by v0 = V0/U, where U is the maximum flow speed. Tra-
jectories are grouped into different v0 bins for theory comparison:
v0 = 0.2, 0.3, 0.4, or 0.5. The maximum deviation of a trajectory’s
v0 from its bin’s value is 0.05 (e.g., if 0.15 ≤ v0 < 0.25, then the
trajectory is classified into the v0 = 0.2 bin).

IV. NUMERICAL SIMULATIONS

To support and interpret the experimental data, we simulate
the motion of a self-propelled tracer [using Eq. (1)] in a time-
independent, 2D vortex chain flow (Fig. 3). α used for the simu-
lations is 0.3, which corresponds approximately to the body shape
of the real microbes used for experiments. This simplified model
assumes that the microbes swim with no active tumbling or rota-
tional diffusion, rotating only because of interactions with the flow.
Furthermore, we do not account for the effects of the flagella on the
shape parameter α. For the velocity field, we approximate the vor-
tex chain flow by using the 2D velocity field derived previously55 to
model a similar vortex flow with no-slip boundary conditions.

Two simulated trajectories for non-dimensional swimming
speed v0 = 0.4 are shown in Fig. 6(a). The trajectories start with
identical initial positions (x0, y0) = (3.0, 0.3) but with slightly dif-
ferent swimming orientations (θ0 = 3.30 and 3.34 radians). The
trajectories follow each other closely for short times, but then dra-
matically diverge, consistent with sensitive dependence on initial
conditions, a hallmark of chaotic trajectories.

The chaotic nature of active tracer trajectories in the vortex
flow is reinforced by plotting Poincaré sections.35,45 For each simu-
lated trajectory, we plot the (x, y) coordinate each time the trajectory
crosses θ = 0 in the positive direction (from negative to positive
θ). The resulting Poincaré sections are shown in Figs. 6(b)–6(e)
for v0 = 0.2, 0.3, 0.4, and 0.5, respectively. The seemingly random
scattering of points from a single trajectory [black dots in each of
Figs. 6(b)–6(e)] indicates chaotic trajectories in those regions. For
v0 = 0.2, there is a sizable region near the top with trajectories that
remain localized, following an ordered, repeatable pattern. Note,
however, that the trajectory (green dots) that starts near the outside
of this region escapes into the chaotic region, indicating that this
may be a chaotic trajectory that is dynamically trapped to the edge
of the ordered region. The ordered region for v0 = 0.2 disappears
for larger v0, although there is still temporary sticking in that region
as seen with the red and green dots for v0 = 0.3 [Fig. 6(c)]. There
are two very small ordered regions for the cases with v0 = 0.3 and
0.4 (in the shape of two eyes and a mouth, in blue), and there appear
to be no ordered regions for v0 = 0.5.

FIG. 6. (a) Two simulated trajectories for v0 = 0.4; both start from the same ini-
tial position (x0, y0) = (3.0, 0.3) but with different initial swimming orientations
θ0 = 3.30 and 3.34 radians. Simulated Poincaré sections for v0 equal to (b) 0.2,
(c) 0.3, (d) 0.4, and (e) 0.5. For each Poincaré section, every point with the same
color is from the same simulated trajectory.

FIG. 7. Simulations showing long-range transport of swimmers in a 7-vortex
chain. White dots are the individual swimmers, with the middle vortex initially
filled. The numbers denote the nondimensional time tU/L after the start of the
simulation.
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The model of Eq. (1) is not volume-preserving for α 6= 0,
resulting in density variations25 in the Poincaré sections. The slight
non-volume-preservation also results in the eventual escape—after
a long time—even of trajectories starting in the ordered regions.
The reverse is not observed in the simulations, as black dots in the
chaotic sea do not penetrate into the ordered regions.

Swimmers in the chaotic regions not only mix within each vor-
tex in the simulations (excluding the ordered regions) but also cross
the boundaries between adjacent vortices. In a previous paper,31 we
demonstrated swimming invariant manifolds (SwIMs) that act as
barriers blocking motion of active particles in laminar flows. For the
vortex chain flow, the SwIMs combine to form “chutes” that account
for the mixing between vortices. The result is that an ensemble
of swimmers initially in one vortex spreads throughout the vortex
chain, as shown numerically in Fig. 7.

V. EXPERIMENTAL RESULTS

A streak image of microbes swimming in the vortex flow is
shown in Fig. 8(a). The vortex flow is readily visible in this image,
as is the fact that the microbes are swimming relative to the flow,
indicated by the crossing of the trajectories and motion of microbes

FIG. 8. (a) Streak image showing 10 s of motion of microbes in 3.5 vortices
in the flow; magnification 4×. (b) Examples of experimental microbe trajecto-
ries with non-dimensional swimming speed v0 = 0.2. (c) Trajectories of microbes
with v0 = 0.4. (d) Two different pieces of the red trajectory from (c), displayed
in 3D, (x, y, θ) space. The two trajectory pieces start at virtually the same
initial (x0, y0, θ0) but diverge at later times. (e) Separation in (x, y, θ) phase
space between the two trajectories in (d); the inset plots the separation in a
semi-logarithmic graph, illustrating the roughly exponential separation in time.

between vortices, behavior that would not be possible if the particles
were passive.

Examples of experimental trajectories for microbes swimming
with non-dimensional speed v0 = 0.2 are shown in Fig. 8(b). Many
of the trajectories remain confined to a single vortex, similar to the
green trajectory at the right (which is one of the longest-duration
trajectories that we were able to track), although trajectories near
the vortex edges cross between vortices in the chain (blue and red
trajectories). The red trajectory shows an example of what dynamic
trapping looks like in the experimental data—the trajectory circles
the vortex near the vortex edge (but not all the way out) for an
extended period of time, producing a dense band in the image. Ele-
ments of non-smooth swimming are also visible in these trajectories,
including rocking behavior (the slight wiggles in the red trajectory),
some subtle active tumbling in the blue trajectory, and some clear
noise throughout in the swimming.

The trajectories are quite different for larger swimming speeds
[Fig. 8(c)]. Trajectories move more freely through and between the
vortices, and loops in the trajectories are more prevalent than for
the smaller swimming speeds. Noise and tumbling are more visible
in these trajectories since the swimming is faster compared to the
flow. Between tumble events, there are segments where the behavior
appears to be fairly smooth.

For each run, we examine the swimming angles θ determined
from the velocity subtraction approach discussed above, looking for
instances where dθ/dt significantly exceeds the value predicted from
the θ̇ equation in Eq. (1). We label these rapid θ̇ events as active tum-
bles and cut the trajectory into smooth-swimming segments before
and after the tumble events. In this way, we can treat these segments
as new trajectories with most active tumbling removed.

The red curve in Fig. 8(c) shows sensitive dependence on ini-
tial conditions, similar to that seen in the simulations [Fig. 6(a)].
The trajectory happens to return to virtually the same (x, y) coor-
dinate near the top of the vortex between x = 2 and 3. We plot
two segments of this trajectory in (x, y, θ) space in Fig. 8(d) starting
from that common location. Consistent with deterministic chaos,
these two trajectory segments that start at almost the same ini-
tial (x, y, θ) coordinates follow each other for short times and then
diverge significantly, with one crossing into the next vortex while
the other circles back. The separation between these two segments
grows roughly exponentially when coarse-grained [Fig. 8(e)], sim-
ilar to the expected (coarse-grained) exponential separation 1r(t)
≈ 1r0e

λt for chaotic trajectories.56 Of course, since the swimming of
the microbe is not perfectly smooth, this plot in itself is not proof
of deterministic chaos. However, this behavior is common in these
experiments and is highly indicative of chaotic behavior.

Since the system of differential equations in Eq. (1) is not
volume-conserving for α 6= 0, density variations are possible over
time. Figure 9 shows (x, y) slices of histograms of the trajectories
around swimming direction θ = 0, π/2, π , and 3π/2 for v0 of
both 0.2 and 0.4. Significant variations in the density are visible
for v0 = 0.2. This is another manifestation of sticking in this sys-
tem for small v0. In fact, the regions of high density in the θ = 0
and π slices for v0 = 0.2 coincide approximately with the location
of the ordered island in the simulated Poincaré sections [Fig. 6(b)].
Smooth-swimming microbes moving in the chaotic region with no
Brownian motion in a noise-free flow should never penetrate into an
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FIG. 9. Histograms of (x, y) coordinates for swimming microbes with v0 = 0.2
(top) and v0 = 0.4 (bottom); slices around θ = 0, π/2, π , and 3π/2. In these
images, x goes from 0 to 2 (starting and finishing at vortex edges) and y goes
from 0 to 1.

ordered island. With the noise and tumbling, however, microbes in
the experiments are able to enter the theoretically predicted ordered
region and then remain stuck for a finite period, resulting in a higher
density in that region.

The one-dimensional variance 〈x2〉 calculated from the exper-
imentally measured trajectories is shown in Fig. 10 for both the
cases with the most significant active tumbling events removed
[Fig. 10(a)] and with all of the data including the active tumbling
[Fig. 10(b)]. For small times, the variance with reduced-tumbling
trajectories [Fig. 10(a)] grows roughly ballistically, i.e., 〈x2〉 ∼ t γ

with γ ≈ 2. At a time comparable to typical vortex circulation times,
the variance curve bends over. For v0 = 0.2 and 0.3, the transport
becomes subdiffusive: 〈x2〉 ∼ t γ with 0 < γ < 1 (see Table I). At
higher swimming speeds, the variance growth is consistent with
diffusive-like transport, where γ = 1.

The growth of the variance with active tumbling [Fig. 10(b)]
at low swimming speed regimes (v0 = 0.2 and 0.3) is still subdif-
fusive after the initial ballistic transient (Table I), though the growth
exponent γ is closer to that for diffusive behavior (γ = 1). At higher
swimming speed regimes, the transport is diffusive and potentially
even slightly superdiffusive (γ > 1) for v0 = 0.5.

Although not central to our conclusions, we have also com-
pared the apparent tumbling behavior of the microbes with and

TABLE I. Slopes for best fit lines from Fig. 10.

v0 Reduced tumbling All trajectories

0.2 0.23 ± 0.03 0.57 ± 0.04
0.3 0.69 ± 0.03 0.76 ± 0.02
0.4 1.05 ± 0.03 1.08 ± 0.06
0.5 1.11 ± 0.07 1.22 ± 0.04

without the imposed vortex flows. Probability distribution functions
of run times and tumbling angles are plotted in Fig. 11, revealing
exponential and roughly power-law relations for the run time and
tumble angle distributions, respectively. The analysis indicates that
the addition of the flow increases the tumbling (reducing the run
times), as evident by the lowered curve of run distribution in the vor-
tical trajectories. The tumble angle distribution also skews smaller in
the case with flow, indicating perhaps that these are small-duration
tumbles that do not reorient the microbes too much. There remain
questions about whether this effect is due to more active tumbling
of the microbe when in the presence of the flow, or to larger noise
in the determined microbe orientations from velocity subtraction
(see Sec. III C), which could register as tumbles. The analysis of our
data also implies that there is a preference for the microbes to tum-
ble in a direction opposite the rotation of the organism due to the
flow. Additional experiments and analysis are needed to quantify the
effects that imposed flows have on the tumbling of the microbes.

VI. LAGRANGIAN-AVERAGED TRAJECTORIES AND

STICKING PROBABILITIES

Determination of Poincaré sections and sticking time probabil-
ities from experimental data is difficult since both of these measures
require long-duration trajectories. That problem is particularly chal-
lenging for tracking of self-propelled particles since they can swim
out of the focal plane, limiting the duration of tracked trajectories.

FIG. 10. Variance calculated from the experimental trajectories. (a) Reduced-tumbling trajectories and segments. (b) All of the trajectories, including the most significant
active tumbling events. For each plot, the non-dimensional average swimming speed v0 is 0.2 (dark blue circles), 0.3 (red squares), 0.4 (green diamonds), and 0.5 (light blue
triangles). Best fit curves are shown as black lines.
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FIG. 11. (a) Experimentally determined probability distribution functions (PDFs) of run times between tumbles. (b) Same PDFs as in (a) but plotted semi-logarithmically.
(c) Probability distributions of tumble angles 1θ . (d) Same as in (c) but plotted logarithmically in both 1θ and p. In all of the plots, the data corresponding to no flow are
shown with blue squares, and the data corresponding to the vortex flow are shown with red circles.

(Also, we cannot confine the motion to 2D with the use of a nar-
row cell because microbes typically swim very differently near solid
boundaries.57,58)

We probe our experimental data more deeply by calculat-
ing what we call Lagrangian-averaged trajectories (LATs). The
approach is illustrated in Fig. 12(a) and in LATapproach.mp4 in
the supplementary material. Starting from a chosen initial condition
(x0, y0, θ0) [red dot labeled “start” in Fig. 12(a)], we search for tra-
jectories and trajectory segments of microbes that start in a small
box around (x0, y0, θ0) and that are swimming with a chosen non-
dimensional speed v0 (blue dots). We then determine the locations
of each of those trajectories after a time interval1t (green dots) and
then do a weighted average of those points [weighted by distance
between the blue starting location and the location (x0, y0, θ0)] to
determine the next point (x1, y1, θ1) in the LAT. The process is then
repeated over and over again to assemble a trajectory that reflects an
average of the experimentally measured trajectories.

When averaging the coordinates [green dots in Fig. 12(a)], we
cannot simply use the (x, y) coordinates of the individual points.

If the points are distributed along an arc around a vortex, a sim-
ple spatial averaging can result in an averaged coordinate [red dots
in Fig. 12(a)] that is closer to the vortex center than the individual
points. To avoid this problem, we first convert the coordinates from
(x, y) to (ψ , θ). The coordinateψ is the value of the streamfunction35

at the point (x, y) defined such that ψ is −1 or +1 at the centers of
clockwise (CW) circling and counterclockwise (CCW) circling vor-
tices, respectively; ψ = 0 around the edges of all of the vortices. The
coordinate θ is the angle of the microbe location relative to the cen-
ter of the vortex, defined as clockwise from the positive x axis for
CW vortices and counterclockwise from the negative x axis for CCW
vortices. These definitions are chosen so that the coordinates (ψ , θ)
remain continuous crossing from one vortex to the next.

The use of Lagrangian-averaged trajectories has a couple of
benefits: (a) arbitrarily long trajectories can be obtained, overcom-
ing the limitations of limited-time trajectories described above;
and (b) the averaging can conceivably smooth out some of the
effects of noise in the swimming of the microbes. (We use
the tumbling-minimized trajectories and trajectory segments in
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FIG. 12. (a) Illustration of the technique to calculate Lagrangian-averaged trajec-
tories (LATs). Examples of LATs for (b) v0 = 0.2; and (c) v0 = 0.4. In both (b)
and (c), LATs are displayed as projections in (x, y) with x varying from 0 to 2
and y from 0 to 1. Density plots of Poincaré sections calculated from LATs for (d)
v0 = 0.2 and (e) v0 = 0.4.

the LAT calculations.) We considered (and attempted) using an
approach similar to that used for some transport-related studies17,59

where measurements of the instantaneous velocity fields are made
and trajectories are calculated numerically from those experi-
mentally measured velocity fields. We could measure (ux, uy, uθ )
“velocity” fields experimentally and determine trajectories in
(x, y, θ)-space numerically from these velocity fields. However, (a)
the LAT method uses more data from the experimentally measured
trajectories (since this does not use just the instantaneous velocity
field); (b) there is no need to do any numerical integration with
LATs; and (c) determining a (ux, uy, uθ ) field is hampered by regions
in (x, y, θ)-space where microbe trajectories avoid (see Fig. 9), an
issue that does not hamper the calculation of LATs.

We partially benchmark the LAT approach by using numeri-
cal simulations for which the velocity field is known and where the
motion of swimmers is not affected by noise and tumbling seen in
the experiments. Instead of using experimentally determined trajec-
tories and segments, we generate swarms of numerically simulated
trajectory segments at random locations and calculate LATs starting
from a chosen initial position from these simulated trajectory seg-
ments. (We use the same averaging parameters for this numerical
benchmarking as those used to calculate LATs from the experimen-
tal trajectories.) We then compare the resulting benchmark LATs
to long-duration trajectories starting from the same initial loca-
tion, simulated numerically from Eq. (1). LATs calculated starting
in the ordered region in Fig. 6(b) show ordered behavior simi-
lar to the numerical trajectories used to plot Fig. 6(b), and LATs
calculated starting in the chaotic region show chaotic behavior sim-
ilar to the full numerical trajectories starting at the same locations.
The LATs follow the simulated trajectories well for short times but
deviate slightly for longer times in the ordered region and deviate
significantly in the chaotic region, which is to be expected since
chaotic trajectories are sensitive to small deviations in the initial

conditions. Note that this benchmarking does not account for noise
and tumbling of the microbes.

Figures 12(b) and 12(c) show (x, y) projections of individ-
ual LATs calculated from the experimental data with v0 = 0.2 and
0.4, respectively. The sticking behavior for v0 = 0.2 hinted at in
Figs. 8(b) and 9 shows up as a notably high-density band in the left
vortex of the LAT shown in Fig. 12(b). These high-density bands are
common for LATs for v0 = 0.2, but are absent for LATs determined
from the v0 = 0.4 data [Fig. 12(c)].

Poincaré sections are shown in Figs. 12(d) and 12(e). These are
determined from 1320 experimental LATs, each launched from ver-
tical strips near the edges of the first vortex (in regions 0 < x < 0.2
and 0.8 < x < 1.0) with a spray of different initial angles. There is a
region near the top of the left vortex [circled in blue in Fig. 12(d)]
with a significantly higher density of points in the Poincaré section
for v0 = 0.2. This corresponds to the region in (x, y)where the dense
band of trajectories similar to that in Fig. 12(b) crosses the plane
θ = 0. Although there are variations in density for the Poincaré
section for v0 = 0.4 [Fig. 12(e)], there is no region where the tra-
jectories return repeatedly in successive iterations.

We use the Poincaré sections calculated from the LATs to
determine experimental trapping number and trapping time prob-
abilities. For each trajectory, if a point (xi, yi, θi) in the Poincaré
section is within a defined distance rs of the previous Poincaré iter-
ate (xi−1, yi−1, θi−1) and if the time between Poincaré iterates i − 1
and i is less than a threshold circulation time, then the microbe is
considered to be trapped during the interval between (i − 1) and
i. We choose a sticking distance rs = 0.3 in dimensionless units
where the distance is scaled by a vortex width and θ is scaled by 1
radian. This sticking distance is comparable to the size of the ordered
island found in simulations for v0 = 0.2 [Fig. 6(b)]. If the microbe
is dynamically trapped, it should return in a time comparable to
a typical circulation time. We, therefore, choose a threshold time
tc = 7, comparable to two circulation times on the assumption that
if it takes longer than that for the microbe to return, it is not due
to dynamic trapping. Note also that this approach captures trapping
behavior regardless of the location of the trapping region in (x, y).

Probabilities that a trajectory is stuck for n consecutive
Poincaré iterates or for a total duration t are shown in Fig. 13. There
is significantly more and longer trapping intervals for the microbes

FIG. 13. Sticking probabilities calculated from LATs in terms of (a) number n of
Poincaré iterations and (b) sticking time. For both (a) and (b), blue circles, red
squares, and green diamonds correspond to v0 = 0.2, 0.3, and 0.4, respectively.
In (b), the top black line is a best fit to the small-time regime for v0 = 0.2 and the
bottom black line shows a reference slope of −2.
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swimming with v0 = 0.2 than for v0 = 0.3 or 0.4, and the trapping
occurs in the region near the top of the left vortex, consistent with
the location of the ordered island in Fig. 6(b). For the data with
non-dimensional swimming speed v0 = 0.2, there is a regime of
power-law behavior with P(t) ∼ t−ν with ν = 0.76 ± 0.03 for times
up to several typical circulation times; for longer sticking times,
P(t) transitions to a tail with a much steeper slope. [The scaling is
similar if we calculate P(t) with rs = 0.2 or 0.1, although the transi-
tion to a steeper slope occurs at smaller times for smaller rs.] The
trapping time probability distribution for v0 = 0.3 does not have
clear power-law scaling. For small sticking times, a semi-log plot
decreases with a slope between −1 and −2; for non-dimensional
time above 10, the slope exceeds −2. There is very limited sticking
for v0 = 0.4 as the drop-off with t has a slope that exceeds −2 at all
times. These sticking time probabilities and the variance results from
Fig. 10(b) and Table I are consistent with theoretical studies43,60,61

that predict subdiffusion (γ < 1) for systems where trajectories stick
to localized regions with a power-law distribution with ν < 2 and
normal (enhanced) diffusion for sticking time probability distribu-
tions that decay with t faster than P(t) ∼ t−ν with ν = 2. (The decay
exponent ν for the v0 = 0.2 case is actually lower than the minimum
of ν = 1 in the theoretical predictions.)

VII. DISCUSSION

We interpret the significantly enhanced trapping times for the
slower swimmers (v0 = 0.2 and 0.3) in the experiments as due to
dynamic trapping of microbes to the islands of ordered trajectories
predicted by the idealized numerical model [Fig. 6(b)]. The mecha-
nism for dynamic trapping in these experiments likely differs from
the mechanism40 discussed in Sec. II A. Instead of sticking to the
perimeter of the ordered region for v0 = 0.2 or 0.3, the microbes
appear to be passing into the islands, crossing the supposedly impen-
etrable KAM invariant tori. Penetration of the idealized KAM tori is
due likely to the fact that the real microbes do not swim perfectly
smoothly; the swimming speeds are not constant, and noise, rock-
ing and imperfections (not accounted for in the tumbling reduction
analysis) in the swimming cause changes in the swimming direc-
tion beyond those due to interactions with the flow. Once inside
the island, the microbes remain stuck until noise in the swimming
speed and/or direction enables them to escape. As seen in the simu-
lations, the non-volume-preserving property of the phase space for
non-spherical swimmers can also enable them to escape islands.

When significant active tumbling is included [Fig. 10(b) and
right column of Table I], the growth exponent γ is closer to 1 for
swimming speeds v0 = 0.2 and 0.3. Active tumbling clearly reduces
the sticking times, consistent with the predictions of a growth in the
variance that is closer to diffusive. The slight superdiffusive behavior
found for the active tumbling data with swimming speed v0 = 0.5 is
likely not due to dynamic trapping; it is possible that the motion of
the microbes along the walls57,58 could be giving rise to flights41,42 that
are responsible for the slight superdiffusion.

The sub-diffusion that results from noisy dynamical trapping is
similar in many respects to subdiffusion found for microbes swim-
ming in a tightly packed porous system.1 In those studies, microbes
are trapped temporarily in cavities within the porous medium, hop-
ping sporadically to other trapped regions. The subdiffusion seen

in our experiments is also due to a hop-and-trap mechanism; how-
ever, the trapping here is not due to a physical restriction but rather
to the dynamic trapping of noisy swimmers to transport struc-
tures. The same dynamic trapping mechanism could also result in
superdiffusive transport (γ > 1) in flows where smooth-swimming
microbes have ordered regions with long-range trajectories, simi-
lar to superdiffusion seen for passive tracers in laminar flows with
long-range jets.42,48,60

Our experiments demonstrate that deterministic chaos can
have a measurable impact on the transport properties of real, swim-
ming organisms, even if there is noise in the system, either from
the fluctuations in the swimming speeds or directions (as in these
experiments) or presumably in the flow itself. Since the chaotic
signatures are not dependent on the system being completely noise-
free, we expect similar dynamic trapping behavior and anomalous
diffusion in the mixing of active particles in a wide range of sys-
tems including: (a) dynamic trapping of bacteria swimming in the
blood stream, especially in vortex regions behind obstructions in the
arteries, a mechanism that could contribute to the onset of endo-
carditis; (b) dynamic trapping of microbes in air passageways in the
human body, especially in the lungs; and (c) dynamic trapping of
self-propelled particles in larger-scale, coherent vortices in oceanic
and atmospheric flows. For oceanic-scale flows, microbes that are
dynamically trapped behave more like passive tracers since their
swimming speeds are much smaller than flow speeds. However,
larger-scale organisms (birds, fish, sharks) and human-built ves-
sels (ships and planes) could experience dynamic trapping as active
tracers in larger-scale flows.

Additional studies are needed on the dynamic trapping of
active particles to islands in the presence of noise. In particular, the-
ory is needed to be able to predict the form and decay exponents of
sticking probability distributions, given a fluid flow and a charac-
terization of the swimming behavior of the microbes and any noise
in the system. Careful studies are also needed to consider differ-
ences between random noise in the swimming and effects of active
tumbling. Additional studies are also needed to assess the effect of
varying shape (and, therefore, variations in the shape parameter α)
on dynamic trapping.

SUPPLEMENTARY MATERIAL

See the supplementary material for the multimedia (video) of
the approach used to determine Lagrangian-averaged trajectories
(LATs). This is basically a video of the method shown in Fig. 12(a).
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