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Pinning of reaction fronts by burning invariant manifolds
in extended flows

P. W. Megson,a) M. L. Najarian,b) K. E. Lilienthal,c) and T. H. Solomond)

Department of Physics and Astronomy, Bucknell University, Lewisburg,
Pennsylvania 17837, USA

(Received 12 October 2014; accepted 31 January 2015; published online 24 February 2015)

We present experiments on the behavior of reaction fronts in extended, vortex-
dominated flows in the presence of an imposed wind. We use the ferroin-catalyzed,
excitable Belousov-Zhabotinsky chemical reaction, which produces pulse-like reac-
tion fronts. Two time-independent flows are studied: an ordered (square) array of
vortices and a spatially disordered flow. The flows are generated with a magnetohy-
drodynamic forcing technique, with a pattern of magnets underneath the fluid cell.
The magnets are mounted on a translation stage which moves with a constant speed
Vd under the fluid, resulting in motion of the vortices within the flow. In a reference
frame moving with magnets, the flow is equivalent to one with stationary vortices and
a uniform wind with speed W = Vd. For a wide range of wind speeds, reaction fronts
pin to the vortices (in a co-moving reference frame), propagating neither forward
against the wind nor being blown backward. We analyze this pinning phenomenon
and the resulting front shapes using a burning invariant manifold (BIM) formalism.
The BIMs are one-way barriers to reaction fronts in the advection-reaction-diffusion
process. Pinning occurs when several BIMs overlap to form a complete barrier that
spans the width of the system. In that case, the shape of the front is determined by the
shape of the BIMs. For the ordered array flow, we predict the locations of the BIMs
numerically using a simplified model of the velocity field for the ordered vortex
array and compare the BIM shapes to the pinned reaction fronts. We also explore
transient behavior of the fronts (before reaching their steady state) to highlight the
one-way nature of the BIMs. C 2015 Author(s). All article content, except where
otherwise noted, is licensed under a Creative Commons Attribution 3.0 Unported
License. [http://dx.doi.org/10.1063/1.4913380]

I. INTRODUCTION

Many reacting systems are characterized by the propagation of a front that separates one spe-
cies of the reaction from another. The front dynamics are affected dramatically by the presence
of a fluid flow in the system. Front propagation in advection-reaction-diffusion (ARD) systems
with fluid flows plays a critical role in such diverse systems as forest fires,1 microfluidic chemi-
cal reactors,2 plankton blooms in oceanic-scale flows,3–5 ignition processes in Type-IA supernova
explosions,6,7 tumor growth,8 and the spreading of a disease in a moving population.

There have been several recent studies of front propagation in laminar fluid flows. (See Tel
et al.9 for an overview of this subject up until 2005.) For time-independent, cellular flows,10–14

reaction fronts are advected around vortices and burn across separatrices that block passive trans-
port. For flows with periodic time-dependence, reaction fronts often mode-lock to the external
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forcing,12,15,16 propagating an integer number of unit cells of the flow in an integer number of drive
periods. There have also been experimental observations of pinning of reaction fronts in a chain
of vortices with an imposed wind,17 with the leading edge of pinned reaction fronts propagating
neither forward against the wind nor backward with the wind relative to the vortices in the flow.

In this paper, we explore the pinning of reaction fronts in an extended, time independent flow
composed of an ordered or disordered pattern of vortices with an imposed wind. We analyze this
pinning behavior with a recent theory of burning invariant manifolds (BIMs).18–20 These BIMs are
extensions of invariant manifolds that act as barriers to passive transport. Unlike passive invariant
manifolds, though, BIMs act as one-way barriers, blocking reaction fronts propagating in one direc-
tion while passing fronts that propagate in the opposite direction. We argue—through a combination
of experimental studies and numerical BIM calculations—that the pinning is due to a combination
of overlapping BIMs that together span the system and block the forward movement of the reaction
front against the wind. The shape of pinned fronts is determined predominately by the pattern of
BIMs which block the propagating fronts. We also explore transient front evolution as a mechanism
to illustrate the influence of BIMs that are not revealed in the long-term, steady-state pinned fronts.

The experimental flow is time independent throughout this paper, either an ordered array of
vortices or a spatially disordered, vortex-dominated flow. The fronts are produced by the ferroin-
catalyzed Belousov-Zhabotinsky (BZ) chemical reaction. The BZ reaction has been used for a few
decades as a paradigm for reaction-diffusion systems (with no flows);21–23 consequently, it is a good
system for studies of advection-reaction-diffusion processes.

In Sec. II, we present a background about burning invariant manifolds, discussing, in particular,
how they can be calculated from a given velocity field. In Sec. III, we describe the experimental
techniques used to generate the fluid flows, along with the details about the BZ reaction. Section
IV shows experimental results showing the steady-state pinned fronts, along with transient behavior
that elucidates the more detailed BIM structure for the ordered vortex array flow. The shapes of
the pinned fronts for the ordered vortex array are compared with BIM patterns calculated numeri-
cally from a model of the flow, and some examples of pinned fronts are shown for the disordered
flow. Section V discusses possible extensions of BIM approaches to more complicated flows, other
systems that show pinning behavior, and continuing work.

II. BACKGROUND—BURNING INVARIANT MANIFOLDS

The mixing of passive impurities in time-independent and weakly time-dependent flows is
strongly influenced by the presence of invariant manifolds in the flow that are attached to fixed
points of the Eulerian velocity field24,25 (Fig. 1(a)). (See discussion in Sec. V about extensions to
more strongly time-dependent flows.) Passive invariant manifolds are absolute barriers to transport
in the flow; in the absence of molecular diffusion, passive impurities will never cross an invariant
manifold. The behavior is modified if there is a front-producing reaction occurring in the flow
(Fig. 1(b)). A reaction triggered at an Eulerian fixed point will propagate out from that fixed point.
Of course, there will be front movement along the unstable invariant manifold. But there will be out-
ward propagation along the direction of the stable passive invariant manifold as well since the fluid
velocity approaches zero at the Eulerian fixed point, whereas the front has an inherent propagation
speed V0 relative to the surrounding fluid. That outward propagation stops at burning fixed points
(open circles) where the outward burning speed is balanced by the inward fluid velocity along the
stable manifold.

Burning fixed points differ from Eulerian fixed points in an important respect: a burning fixed
point has a direction associated with it. The left burning fixed point in Fig. 1(b), for instance, is a
fixed point for left-propagating reaction fronts, whereas a front propagating to the right would pass
through the same burning fixed point.

Each burning fixed point has associated BIMs. Unstable BIMs are shown in Fig. 1(b) for the
two burning fixed points in the sketch. These BIMs act as barriers to front propagation, similar to
invariant manifolds for passive transport. However, similar to the burning fixed points, BIMs have
an associated direction. In Fig. 1(b), the left BIM blocks left-propagating reaction fronts and the
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FIG. 1. (a) Cartoon of an Eulerian fixed point (filled dot) for a time-independent flow, along with stable and unstable
passive invariant manifolds, indicated by inward- and outward-pointing arrows, respectively. (b) Spreading reaction (shaded)
triggered at the Eulerian fixed point. The reaction expands most rapidly along the direction of the unstable passive invariant
manifold, but it also burns outward in the stable direction, stopping at “burning fixed points” (open circles) on either side of
the Eulerian fixed point. Attached to these burning fixed points are burning invariant manifolds which act as one-way barriers
to front propagation. Both (a) and (b) are viewed from a reference frame where the flow is stationary.

right BIM blocks right-propagating fronts. If a reaction front is triggered to the left of both BIMs, it
will propagate through the left BIM and converge on the right BIM. A reaction triggered to the right
of both BIMs will pass through the right BIM and converge on the left.18,19 A reaction triggered
between the BIMs (e.g., at the Eulerian fixed point, as in Fig. 1(b)) will be blocked in both directions
by the BIMs.

Mathematically, propagating reaction fronts can be described with a three-dimensional (3D) set
of ordinary differential equations (ODEs) for an infinitesimal element of the front,18

ẋ = ux + v0 sin θ, ẏ = uy − v0 cos θ, (1a)

θ̇ = −(ux,x + uy, y) sin θ cos θ − ux, y sin2θ + uy,x cos2θ, (1b)

where dots denote time-derivatives. In these equations, distances x and y are scaled by the vortex
width D (half of a unit cell of the flow), velocities are scaled by the maximum flow speed U
measured along the separatrix between adjacent vortices in the absence of a wind, and time is scaled
by the typical advective time scale D/U. Similar to the equations describing the trajectory of a
passive tracer, there are two equations (Eq. (1a)) for the x- and y-motion of a front element, with
the motion determined by a combination of the x- and y-velocities of flow (ux and uy, respectively)
and front propagation at a non-dimensional speed v0 ≡ V0/U relative to the surrounding fluid in a
direction perpendicular to the front. But a front element has an angle θ relative to the positive x-axis,
and there is third equation (Eq. (1b)) for θ to account for rotation of the front due to swirling of the
flow. The model neglects small variations in v0 due to curvature of the fronts.26

With this framework, the evolution of a front element is a trajectory in a three-dimensional
phase space. The burning fixed points and BIMs seen in Fig. 1(b) are two-dimensional projections
of these three-dimensional (x, y, θ) structures in (x,y)-space. Occasionally, these two-dimensional
(2D) projections show a cusp—these cusps signify a change in the blocking direction for the BIM.
Consequently, a reaction front wrapping around a BIM can pass through the BIM after the cusp.

Since burning fixed points reside in a 3D phase space, there are three directions of stability,
unlike the Eulerian fixed points which have two.20 The Eulerian fixed point (where fluid velocity
is zero) in Fig. 1 in a 2D, (x,y) phase space is stable in one direction and unstable in the other
(SU). The burning fixed points in Fig. 1(b) to the left and right of the Eulerian fixed point are
stable in two directions and unstable in one (SSU). There are, however, two additional burning fixed
points associated with this Eulerian fixed point, one above and one below (not shown in Fig. 1(b)).
These fixed points correspond to front elements burning toward the Eulerian fixed point, since the
fluid velocity is aimed away from the Eulerian fixed point along the unstable manifolds. (Note that
burning fixed points need not lie exactly on the passive invariant manifolds.) These burning fixed
points are stable in only one direction and unstable in the other two (SUU). BIMs attached to both
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FIG. 2. Side view of experimental apparatus. A magnet assembly translates with constant velocity underneath a box
containing a 2.7 mm layer of fluid that comprises the Belousov-Zhabotinsky reaction. An electrical current passing through
this fluid layer interacts with the magnetic field to produce the flow.

SSU and SUU burning fixed points act as one-way barriers to front propagation. Due to the extra
stable direction, BIMs attached to SSU burning fixed points are attracting for front trajectories in
the 3D, (x, y, θ) space; in the 2D, (x, y) projections, BIMs attached to SSU burning fixed points are
attracting for fronts approaching in the blocking direction (fronts going the other way pass through).
On the other hand, BIMs attached to SUU burning fixed points are repelling for all fronts since there
are two unstable directions. Consequently, the SSU (and not SUU) burning fixed points and their
BIMs are the ones that we would most expect to see controlling the front patterns that we observe in
the experiments.

We can calculate BIMs from Eqs. (1), given a velocity field (ux,uy) describing the flow. We
identify a burning fixed point in the 3D ODEs by solving for x, y , and θ in Eqs. (1) where ẋ,
ẏ , and θ̇ are all zero. We initialize a phase space trajectory very close to the burning fixed point.
Integration of Eqs. (1) (using a 4th-order, Runge Kutta algorithm) results in a trajectory that closely
approximates a branch of the unstable BIM for that burning fixed point.

III. EXPERIMENTAL TECHNIQUES

A. Flow

The flow is generated using a magnetohydrodynamic forcing technique (Fig. 2). An acrylic
box (28 cm × 28 cm interior dimensions) with a thin layer of an electrolytic solution contains two
stainless steel or brass electrodes on either side. An electrical current passing through the fluid
interacts with a magnetic field produced by a pattern of Nd-Fe-Bo magnets below the box. Two
arrangements of magnets are used: (a) an ordered, square array of 1.9 cm diameter magnets and (b)
a spatially disordered pattern of 0.64 cm diameter magnets. The forcing results in either an ordered
array of vortices (Fig. 3) or spatially disordered flow (Fig. 4).

The magnet assembly is mounted on a translation stage below the acrylic box. During an exper-
imental run, the magnets translate with a constant velocity Vd below the box, resulting in translation
of the vortices in the flow. In a reference frame moving with the translating magnets, the flow can
be considered to be a stationary pattern of vortices (ordered or disordered) with a uniform imposed
wind W = Vd. We define a non-dimensional wind speed w = W/U.

FIG. 3. Sketch of velocity field for ordered vortex array in the absence of an imposed wind.
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FIG. 4. Experimentally determined velocity field for the disordered flow, in the absence of an imposed wind. The field was
determined by tracking tracer particles on the surface of the fluid.

The velocity field in the absence of an imposed wind can be determined approximately by
tracking tracers floating on the surface of the fluid.19 However, there are several limitations in the
usefulness of the velocity field determined this way. First, there are serious questions about how
faithfully buoyant particles on the surface track the fluid velocity in the flow. Second, the sampling
of the velocity field is very non-uniform as tracers often miss closed regions in the flow either due
to initial placement or due to centrifugal effects. Third, interpolation of the velocity field onto a
uniform grid is problematic, especially in regions where the fluid velocity is weakest. Unfortunately,
these weak-flow regions are often the most important as these are where the Eulerian fixed points
are and where the burning fixed points are near. Consequently, the BIMs calculated from experi-
mentally measured velocity fields can be inaccurate in the most important regions where the flow
velocities are smallest. This is particularly tricky for experiments with the spatially disordered flow,
for which the BIMs form an almost spaghetti-bowl pattern that can be difficult to discern, even if
calculated accurately.

Consequently, we concentrate primarily on the studies with the ordered vortex array, since we
have an analytical expression that reasonably approximates the velocity field27

dux/dt = ux(x, y, t) = sin(πx) cos(πy),
duy/dt = uy(x, y, t) = − cos(πx) sin(πy) − w.

(2)

As before, velocities are non-dimensionalized by the maximum vortex speed U in the absence of an
imposed wind, and distances are normalized by a vortex width (half the length of a unit cell of the
flow).

This model (with w = 0) has been used successfully in several previous studies both of chaotic
mixing and front propagation in a linear chain of vortices.12,15,16,18,19,28,29 We note, however, that
there are 3D components to the experimental flow, first because of the no-slip boundary condition
at the bottom of the fluid layer, and also because of a weak, secondary, 3D flow due to Ekmann
pumping30 that circulates fluid up through the centers of vortices in the flow.

B. Belousov-Zhabotinsky reaction

The fronts in these experiments are produced by the excitable, ferroin-catalyzed, BZ chemical
reaction.22,31 A solution composed of 0.22 M sulfuric acid, 0.36 M sodium bromate, 0.12 M Mal-
onic acid, and 0.12 M sodium bromide is mixed under a vent hood until clear. Ferroin indicator
(0.025 M) is then added to turn the solution a deep orange color. (More ferroin is added periodi-
cally over the course of the experiments as the color fades.) The entire solution is poured into the
apparatus, resulting in a 2.7 mm thick layer across the box.

After a sufficient amount of time (approximately an hour), bubbles from the initial reaction are
swept away, and the fluid is stirred to wipe out any fronts that have self-triggered. A controlled
front is then triggered by inserting a silver wire into the fluid. This wire oxidizes the indicator in
the vicinity, changing the color of the fluid in that region from orange to blue-green. This region
then oxidizes the surrounding fluid and so on, resulting in a front that propagates outward from the
trigger point. (A line front can be triggered by drawing a line in the fluid with the silver wire.) In the
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FIG. 5. Sequence of front images for regular vortex array, showing pinning behavior; v0= 0.051, w = 0.52. The full width
(28 cm) of the apparatus is shown. These images are obtained from a reference frame in which the vortices are stationary,
with a uniform wind blowing toward the bottom of the images. The images are separated in time by 25 s each.

absence of a fluid flow, the BZ fronts in these experiments propagate with a speed V0 = 0.007 cm/s.
The front is pulse-like—the region behind the front relaxes back to its original orange color, after
which it can be re-triggered. In many cases, circulation in the flow returns part of the leading edge of
the front to relaxed regions farther back, re-triggering a front automatically.

IV. RESULTS

A. Ordered vortex array

Previous experiments32 explored the behavior of reaction fronts in a steady and oscillatory
vortex array. For a stationary flow with no wind, a reaction front moves from vortex to vortex but
overall propagates outward in coarse-grained, roughly circular pattern. The addition of a wind (in
a reference frame moving with the magnet array, as discussed in Sec. III A) changes the behavior
quite dramatically. For a wide range of wind speeds,17 the leading edge of the front pins to the
vortices. Figure 5 shows a sequence of images showing a reaction front that is triggered initially
along a horizontal line. In a reference frame moving with the vortices (with a downward-directed
wind), the front rapidly converges to a pinned state which remains unchanged (except for small
variations at the edges) for the duration of the experiment, propagating neither forward against the
wind nor being blown backward. In the lab frame (not shown in Fig. 5), after the initial transient, the
reaction front translates along with the vortices without changing its shape.

The shape of the pinned front depends critically on the non-dimensional front and wind speed
v0 and w. Figure 6 shows steady reaction fronts for three different values of v0. (In these experi-
ments, v0 is varied by changing the characteristic flow and wind velocities U and W , rather than by
changing the reaction-diffusion front propagation speed V0.) In particular, the front has significantly
more detail for small v0, whereas the front is smoother with less fine detail for larger v0.

BIMs calculated from Eqs. (1) and (2) are shown in Figs. 6(d)-6(f). At the tops of each of the
mushroom-shaped structures in these images, we display BIMs from two burning fixed points, one
above and one below the Eulerian fixed point at the top of the mushroom. These Eulerian fixed
points are the hyperbolic fixed points sketched in Fig. 3. Each of the BIMs is displayed up to the
location of the first direction-changing cusp.

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded

to  IP:  134.82.105.125 On: Tue, 24 Feb 2015 13:46:34
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FIG. 6. Pinned reaction fronts in ordered vortex array flow, triggered initially along a horizontal line. A 20 cm wide
sub-region of the flow is shown in all the images. (a)-(c) Experimental images of pinned BZ reaction fronts with (a)
v0= 0.051, w = 0.52, (b) v0= 0.099, w = 0.50, (c) v0= 0.19, w = 0.50; (d)-(f) BIMs calculated theoretically from the velocity
field given by Eq. (2); same parameters as (a)-(c). The zoomed-in panels on the right show the locations of the burning fixed
points (dots, pointed to with arrows) for one of BIM structures. The Eulerian fixed points (not shown) in each case are in
between the two burning fixed points.

In other experiments on front propagation and BIMs,18,19 the BIMs were local barriers, but
fronts could continue propagating past them in three different ways: (a) if the BIM did not span
the entire region of interest (e.g., if the BIM forms an inward spiral), in which case the front could
go around the BIM; (b) if there was a direction-changing cusp in the BIM, as in the cartoon in
Fig. 1(b), in which case the front could pass through the BIM after the cusp; or (c) if the flow is
time-dependent, the front could follow a continually stretching and undulating BIM across the flow,
similar to how passive impurities can follow passive invariant manifolds with ever-increasing length
and folded structure.

The BIM formalism explains why there is pinning of the fronts in the presence of an imposed
wind. Pinning is possible for time-independent flows if either (a) a single BIM spans the entire
system with no direction-changing cusps (which is not the case in these experiments) or (b) multiple
BIMs with the same blocking direction overlap to produce a barrier that spans the entire system. It is
this second mechanism that is the cause of the pinning in these experiments, as seen in Fig. 6.

Given a sewn patchwork of BIMs that produces a barrier, we would expect a steady-state,
pinned front to have a shape that reflects the underlying BIM structure. Overall, as can be seen
in Fig. 6, the BIM structure predicted from the front element model and velocity field (Eqs. (1)
and (2)) captures the basic shape of the steady-state pinned reaction fronts, consistent with the
proposition that the pinning is caused by overlapping BIMs in these experiments. The agreement is
good, despite the fact that the model flow does not include weak three-dimensionality in the flow
in the experiments due to the non-slip boundary condition at the bottom of the fluid layer and to
Ekman pumping30 that carries fluid up through the vortex centers.

For smaller v0 (Figs. 6(a) and 6(d)), the burning fixed points are closer to the Eulerian fixed
point and are therefore closer to each other, as can be seen in the zoomed-in panels at the right of
Fig. 6. Consequently, the BIMs around a common Eulerian fixed point (which are attached to the
burning fixed points) are closer together for smaller v0, as can also be seen in Fig. 6. The outer BIMs
in Fig. 6(d) block front propagation upward; these BIMs overlap with their neighbors, resulting in a
patchwork of overlapping upward-blocking BIMs that spans the system, allowing for a pinned front
whose shape matches the pattern of overlapping BIMs. For the value of v0 in Figs. 6(a) and 6(d),
the BIMs do not overlap until they have penetrated back downwind by more than three vortices.
Consequently, there are long, thin, unburned tendrils in the front pattern (Fig. 6(a)) between the
burned (reacted) regions.
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FIG. 7. Sequence of front images for regular vortex array, with an initial point trigger; v0= 0.099, w = 0.050. The full 28 cm
width of the apparatus is shown. The images—separated in time by 50 s—are taken from a reference frame moving with the
vortices, with a uniform wind directed toward the bottom of the page.

For larger v0, the burning fixed points and the BIMs have a larger separation from the Eulerian
fixed points, as seen by the BIMs near the tops of the mushrooms in Fig. 6(f) and in its zoomed-in
panel. In this case, the BIMs from neighboring vortices overlap within one vortex distance down-
wind, resulting in a pinned reaction front with much smaller unburned tendrils and a significantly
smoother overall shape (Fig. 6(c)).

Since there is an array of vortices in this flow, each with their own combination of BIMs, the
pinned structures seen in Fig. 6 are not the only ones possible in this system. Depending on how the
reaction front is initially triggered, the front can pin to different combinations of BIMs in the flow,
allowing for a range of different pinned front shapes. As an example, Fig. 7 shows the evolution
of a front triggered at a point rather than along a line. Instead of horizontal pinned structure (as in
Fig. 6 with a horizontal line trigger), a staircase structure develops, with the leading edge rapidly
converging to a pinned shape while the trailing portion is still developing. Figs. 6 and 7 are just two
of many different pinned shapes that are possible in this flow.

There are some subtleties of the nature of the BIMs that cannot be elucidated with steady-state,
pinned fronts. In particular, the one-way nature of these BIMs as barriers shows up much more
readily by looking at the transient behavior of the reaction fronts. Figure 8 shows a sequence that
elucidates the blocking behavior of both BIMs within a single mushroom structure. A reaction front
propagating downward passes through the outer BIM (which blocks outward-moving fronts) but
does not cross over the inner BIM (which blocks inward-moving fronts). Instead, the front winds
around in the space between the two BIMs. Once inside the outer BIM, it is now trapped by that
BIM as it traces out the left side of the mushroom shape. The reaction finally penetrates into the
middle of the structure after reaching the end of the inward-blocking part of the inner BIM. (In
Fig. 8, the inner BIM is displayed up to the point where there is a direction-changing cusp.)

The behavior of fronts near a BIM cusp can be seen in Fig. 9. A downward-propagating reac-
tion front passes through the outer BIM (not shown in Fig. 9)—which blocks outward-propagating
fronts—and is blocked by the top part of the inner BIM, which blocks inward-propagating fronts.

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded

to  IP:  134.82.105.125 On: Tue, 24 Feb 2015 13:46:34



023601-9 Megson et al. Phys. Fluids 27, 023601 (2015)

FIG. 8. Sequence of images showing the transient blocking by an interior BIM; v0= 0.099, w = 0.50; images are separated
by 4.0 s each. The curves show an outward-blocking BIM (the outside one) and an inward-blocking BIM (the inside one).
The dots and arrows in (a) denote the locations of two of the burning fixed points.

It moves around this BIM until it reaches the cusp, at which the BIM starts blocking outward-
propagating fronts, and the front moves into the center.

B. Spatially disordered flow

Experiments with the spatially disordered flow (Fig. 4) proceed in the same way as those for the
ordered vortex array, except that there is not an analytical expression that we can use to approximate
the velocity field. As with the ordered vortex array flow, we impose a wind by translating the
(disordered) magnet assembly underneath the fluid and transforming to a reference frame in which
the magnets—and the disordered flow produced by them—are stationary.

As is the case with the ordered array, the presence of a wind causes fronts in the flow to pin
to the underlying flow structure. Figure 10 shows several images of stationary fronts (as viewed in
the co-moving reference frame) for different flow parameters. Figures 10(a)–10(c) show the pinned
front for increasing wind strengths but with the same non-dimensional front propagation speed v0.
Figure 10(d) shows a pinned front for a non-dimensional wind close to that for Fig. 10(c), but with
a significantly larger v0. As is the case with pinned fronts for the ordered vortex array, the pinned
front is smoother for larger v0 (Fig. 10(d)). There are also clear variations in the pinning pattern with
varying wind.

FIG. 9. Sequence showing direction-changing nature of cusps in BIMs; v = 0.19, w = 0.50. A front propagating downward
is blocked by the top portion of the BIM which blocks inward-directed fronts. The blocking direction changes at the two
cusps, and the front wraps around and penetrates into the middle after circumnavigating these cusps.
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FIG. 10. Pinned reaction fronts for disordered velocity field with imposed wind (directed toward bottom of page). The full
28 cm width of the flow is shown. Non-dimensional front speed v0= 0.016 for (a)-(c) and 0.11 for (d). Non-dimensional wind
speeds are 0.052, 0.21, 0.37, and 0.42 for (a)–(d), respectively.

As with the pinned fronts for the ordered array, we argue that the pinning is caused by a
pattern of overlapping BIMs. (Note that calculating these BIMs from the experimental veloc-
ity field, although possible, is challenging due to a lack of precision in the measured velocity
field—especially near the fixed points as viewed in the co-moving reference frame where the fluid
speeds are smallest—and the complicated nature of the flow and the many BIMs.) The thinner
structures—which are stationary despite their complexity—found for the larger winds (Fig. 10(c))
are due to BIMs that follow the wind downstream before broadening sufficiently to overlap. And the
smoother structures for larger v0 (Fig. 10(d)) are due to the larger separation of the BIMs for large
v0, resulting in BIMs that overlap without having to go too far downwind.

V. DISCUSSION

These experiments provide further evidence of the significant role played by barriers in front
propagation and in fluid mixing, in general. The importance of barriers for passive fluid mixing has
received significant attention recently in the context of Lagrangian Coherent Structures33–35 which
are sometimes referred to as the “skeleton” for understanding transport in flows with aperiodic time
dependence. Similarly, we believe that a complete understanding of barriers to front propagation
is critical for developing the skeleton of a larger theory of front propagation in fluid flows. And
in conjunction with other recent experiments, these pinning results indicate that burning invariant
manifolds may provide the theoretical background for characterizing barriers to front motion in
fluid flows.
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Characterizing and predicting persistent reaction structures are challenging for time-aperiodic
and turbulent flows for which stable and unstable manifolds of fixed points cannot rigorously be
defined. For passive mixing (no reaction) systems, several techniques have been proposed during
the past few years to predict persistent mixing structures, including finite-time Lyapunov exponent
(FTLE) fields,33,35 hypergraph and mesohyperbolicity/mesoellipticity techniques,36 variational ap-
proaches,37 ergodic partition,38 and finite-time curvature fields.39 Alternately, there are techniques
for defining invariant manifolds for chaotic sets for time-dependent flows.40–42 These various tech-
niques use the 2D equations of motion for a particle trajectory dx/dt = ux and dy/dt = uy for their
analyses. We speculate that similar approaches using the 3D equations for front elements (Eqs. (1))
will ultimately be able to predict persistent structures for propagating reaction fronts in a range of
time-aperiodic and turbulent flows.

The pinning seen in these flows is similar in many respects to pinning seen of chemical reaction
fronts in a porous media with a through flow.43,44 In those experiments and simulations, the ten-
dency of fronts to remain stationary in the face of an imposed wind was explained with arguments
based on heterogeneities in the system due to the porous media and, in particular, on the no-slip
boundary conditions of the fluid flows near the grains in the porous media. As we have shown in the
current experiments, though, it is not necessary to have fixed surfaces and no-slip boundary condi-
tions to have pinned reaction fronts in an ordered or spatially disordered flow with a wind. Pinning
of reaction fronts in a flow through a porous media can be explained by considering recirculation
zones in the flow near and around the spheres in the porous media (see, e.g., Biemond et al.45).

We expect the pinning behavior seen in these experiments—along with the central importance
of burning invariant manifolds in the process—to be a general result that applies to a range of
front-producing systems in fluid flows. As an example, a 2004 study3 of plankton blooms in oceanic
flows found similar pinning phenomena, referred to as “persistent patterns” in that study. The BIM
theory does not depend on the specific nature of the reaction—all that is needed is a velocity field
and a front with a well-defined propagation speed V0 in the absence of a flow.

Pinning and depinning phenomena extend to a wide range of condensed matter systems, includ-
ing charge density waves46,47 and vortex pinning in type-II superconductors.48,49 There are also
general theories of wave front depinning that employ reaction-diffusion modelling.50 In the other
pinning systems, there is typically some sort of heterogeneity in the system, similar in some respects
to the heterogeneity introduced in these experiments by the vortices in the flow. And there is some
sort of forcing with a critical depinning threshold, similar to the role played by the uniform wind in
these experiments. As to whether there is an analogue of the burning invariant manifolds in those
other pinning systems, that is an area for future research.

A more complete discussion of the theory and the mathematical background behind front pinn-
ing (using BIM analysis) are currently being written and will be published separately. We are also
continuing our experimental studies of pinning of reaction fronts, looking at flows with periodic
and aperiodic time dependence, as well as fully three-dimensional flows, for which a BIM theory
of front elements will require a five-dimensional phase space (x, y, z, θ, φ), i.e., 3 spatial coordinates
for the location of the front elements and 2 angles to denote the orientation of the front element.
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